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Abstract. The algebraic matrix hierarchy approach based on affinesl(i¢) algebras leads

to a variety of 1+ 1 soliton equations. By varying the rank of the underlyiii¢:) algebra as

well as its gradation in the affine setting, one encompasses the set of the soliton equations of
the constrained KP hierarchy.

The soliton solutions are then obtained as elements of the orbits of the dressing
transformations constructed in terms of representations of the vertex operators of thel affine
algebras realized in the unconventional gradations. Such soliton solutions exhibit non-trivial
dependence on the KdV (odd) time flows and KP (odd and even) time flows which distinguishes
them from the conventional structure of the DarbousieBund—Wronskian solutions of the
constrained KP hierarchy.

1. Introduction. The algebraic cKP model

A large class of 1 1 soliton equations belongs to the so-called constrained KP (cKP)
hierarchy. Some of the most prominent members of this group are the KdV and the
nonlinear Schidinger equations of the AKNS model. The cKP evolution equations
possess the familiar Lax pair representations with generally pseudo-differential Lax operators
which emerge naturally as reductions of the complete KP hierarchy Lax operators [1].
Conventionally, the cKP hierarchy is obtained from the KP hierarchy by a process of
reduction involving the so-called eigenfunctions. The eigenfunctions appear in the constraint
relations introducing a functional dependence between initially infinitely many coefficients
of the KP Lax operator. This scheme results in the pseudo-differential cKP Lax operator of
the typel = Lg41+ Zf‘il ®;071y;, whereL, 1 is the differential operator ofK + 1)th
order, while®;, ¥; are the eigenfunctions af. In general L possesses a finite number of
coefficients which enter the soliton equations and depend orialh, 13, . ..) isospectral
time flows of the KP hierarchy. In the speci = 0 case in which the cKP Lax operator
is a purely differential operatof = Lg.; we encounter dependence on only some of the
original time flows of the KP hierarchy. The simplest exame= 1, M = 0) is the KdV
hierarchy with only odd time flows present.

The soliton solutions for the cKP models have been found in [2] for the arbitkary
and M = 1 case using the DarbouxaBklund technique. Generalization to an arbitrafy
is simple and was given in [3] (see also [4]). These solutions appeared in the Wronskian
form in terms of the eigenfunctions of the ‘undresséd= 9%+ Lax operator.
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Here, we will present an alternative algebraic viewpoint of the constrained KP hierarchy.
In this setting the algebraic dressing methods will provide new soliton solutions which appear
to differ from the conventional form of the Darbouxa&klund—Wronskian solutions due to
a non-trivial mixing of the KdV-like versus KP time flows. This will be shown explicitly
in the example characterized By = M = 1.

In an algebraic approach to the constrained KP hierarchy [5] the soliton evolution
equations emerge as integrability conditions of the following matrix eigenvalue problem:

LY =0 L=(D—-A—-E) DE[% Q)
with the matrix Lax operatof. belonging to Kac—Moody aIgebré = Q(M + K +1).
The integrable hierarchy is determined by the choice of gradatiog. oBy varying the
Kac—Moody algebras together with their gradations one is able to reproduce from the matrix
hierarchy of equation (1) the nonlinear evolution equations of the cKP hierarchy.
We will be working with a simple setting in which the matri in equation (1) has
gradation 1 with respect to gradation specified by the vector [6]:

s=(10,...,0,1,...,1). )
— ——
M K

We call this gradation an intermediate gradation as it interpolates between the principal
Sprincipal = (1, 1, ..., 1) and the homogeneous 0B&omogeneous= (1,0, ..., 0). As is well
known the Wilson—Drinfeld—Sokolov [7—11] procedure gives, respectively, the (m-)KdV [9]
and AKNS [12, 13] hierarchies in these two limits.

Alternatively, the gradatios can be specified by an operator:

K
Qs =) hura- H+ (K +Dd. 3)
a=1
Here ; are the fundamental weights antl is the standard loop algebra derivation.
Correspondingly E stands for

K
— ©) @
E= Z EO‘MﬂI + E—(aM+1+---+0lM+K)' (4)
a=1
It is a non-regular (forM > 0) and semisimple element of
The matrixA in equation (1) contains the dynamical variables of the modek such
that it has gradation zero and is parametrized in terms of the dynamical vaigabtesU,
andv as follows:

M K
A:Z(q"P"—i_ripf")—i_ZUMm(Ole'H(O))‘f‘vé 5)
i=1 a=1
wherePy;, = Ega,+a,+1+...+am’ i=1,2,...,M, and¢ is a central element af.

2. The Heisenberg subalgebra and the vertex operator

For a regular elemenkE in the conventional Drinfeld—Sokolov approach the isospectral
flows are associated with the Heisenberg subalgebra which can be identified widd Egr
Here, due to the non-regularity @, the Heisenberg algebra is associated to the centre of
Ker(adE). It consists of the following three separate sets of operators.
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(1) A homogeneous part of (M), fori =1,2,..., M —1

Z;;:l pcp - H®™
N;

K" = N =/i(i +1). (6)

(2) A principal part ofsi(K +1),fora=1,2,....K

K+1-a a
a _ § : (n) 2 : (n+1)
a+n(K+1) — ED[:+M+‘¥i+M+1+"'+(¥i+M+u—1 + E—(Ot,'+M+0t,'+M+1+"'+Ol,'+M+1(7a)' (7)

M+K+1 K M
A0 S Bl Ml M WY & () Bl S Y. S 8
nK+D T\ Ty M 2V M+ K150 (®)

These relations provide a parametrization of the Heisenberg subalgebra in terms of
elements:

_ _ 40 — (V)
bN,a = "47V=a+n(K+1) bN,O = AN:n(K+1) bN,i = ICi (9)

wherea =1,2,...,K,i=1,2,..., M —1. The Heisenberg subalgebra elements from (9)
enter the oscillator algebra relations (we put 1):

[bN,a, bN’,b] = N8N+N’5a,K+17b a, b= 1, 2, P K (10)
[bn.0. 0] = Nonin (11)
[bN,ivbN’,j] = N8N+Nr5ij l,] = 1, 2, ...,M— 1. (12)

Next define the Fubini—Veneziano operators:

(n) —n —n(K+1)

K"z Ankin?
Orcicm-1(2) _|Z Qu(2) = 'Z “ZK) . (13)
. a+n(K+l)Za+n(K+l)
QM+a(z)=IZ KT a=12...K. (14)

The corresponding conjugated Fubini-Veneziano opera@i(s) are obtained from (13),
(14) by taking into consideration the rulés™] = K™, A ki)t = A% ki)
(A nix ) = ALy 4n) @S well aseh = 271

In [14] we found the step operators of(M + K + 1) associated with the Cartan
subalgebra defined by the Heisenberg subalgebra (9). That in turn enabled us to find the
corresponding simple root structure fa(M + K + 1) with intermediate grading.

Knowledge of roots and the Fubini—Veneziano operators is all that is needed to write a
compact expression for the general vertex operator in the normal ordered form:

Ve(z) = 72 2@ explia - Q' (2)) explia - q) explax - pInz) explicr - Q(z)) (15)

with the (M + K)-component root vectorx described in [14] andM + K)-component
vector @ having components described in (13), (14). The zero-mode vept@nrd q
only have firstM components different from zero according @@); = p;6(M — i) and
(@)i = ¢:6(M —i). They satisfy relationsgiq;] = —is;;. Furthermore,p, is equal to
AP_, from expression (8).

An explicit example of the/(3) vertex will be given in section 4.
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3. The dressing technique and the tau-function

The dressing technique [15] deals with reproducing of the non-trivial paft A of the
Lax matrix operator from equation (1) by the gauge transformations involving generators
of positive and negative gradings applied to the semisimple elefient
E+A=0EO 1+ (,0)071! (16)
E+A=(BETB)+ (3B )T 1B) (17)
whereB~1I" contains positive terms ar@ is an expansion in the terms of negative grading
such that® = exp(}_,_o0%") = 1+ 6P +.... From expressions (16) and (17) we obtain
two alternative formulae for the same teunof grade 0O:
A=—[EO6Y] or A=—-BY5,B). (18)
The termé—? of grade—1 can be expanded as

M+K

-1 ) D -1
9( ) = Z 9(5 )E_aa + 91// EO!M+1+"'+0¢M+I<
a=M+1
Y 1) (0 Y 1) (-1
=1 0 H(=D (=
+ Z 0 E—(OZH'“"HYMJA) + Z O EO‘1+'"+O‘M+K (19)
=1 =1
where we included all possible terms of grad& according to (3).
Therefore
M+K !
[E6. V)= " 60V, HO + 65" (—(@msr+ -+ +amsx) - HO +0)
a=M+1
u 1 0
+ 0 Velamsr, —or — - — i DES, Lo
=1
u A(—1 0
+ 29/(7 de(—api1— - —appg, 0+ 01M+K)Eéll...+w. (20)

~

=1

Comparing the last expression with the field contentAgfas given by (5), we obtain
relations for the expansion parameters used in (19):

v=—0"  Us=-0{" 405" r=—0Ve(amir —a — - — 1) e
q = _éz(_l)é(—aMH — =AMk, k).
We now work with the representation df as given in equation (18). We split the grade-
zero elementB in a productB = B1B, with B; containing the grade-zerd(M) elements
and

K
Bo=exp)_ éuvattarra- HO +p - 2. (22)
a=1
Accordingly, equation (18) becomes = —B, B, (3, B1)B2 — B, (3, B2) and A can be
rewritten as

K
A== 0buattnia HO = dep - &+ OGL(M)) (23)
a=1

where Qs/(M)) contains all possible terms belonging to ttiéM) algebra.
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Comparison with (5) yields

UM+u = _ax¢M+a V= —0d;p. (24)
We define a family of the first-order differential matrix operatgrg = 9/9ty — Ay,
N =1,.... The hierarchy is then formulated in terms of the zero-curvature equations for
the Lax operators
[Ly, Lyl =0 (25)

expressing commutativity of the higher time flows. The zero-curvature equations imply the
pure gauge solutions for the potentiadg:

Ly = vyt (26)
oty
The starting point of the dressing method [15] is the vacuum solutienU = r = ¢ = 0.
The correspondind.2® = D — E matrix Lax operator together with higher flow operators
Ly, N > 1 for the vacuum solutions are expected to be recovered via (26) ¥romhich
is expressed entirely by the Heisenberg algebra associated with the centre(ad Ker
Explicitly, for our model

U= yao - exp(Zt,ﬂ;”‘”) (27)
N

with by as given in components in (9) and with the sumNnincluding all non-negative
modes of oscillators appearing in equation (9).
We define the tau-function vectors as

-1 -1
|t0) = WVORP Y97 )0) [Tarsa) = $YORTYO 0. (28)

They are associated with the constant group elemteand the highest-weight vectors
|A0), |As+a) SUCh that

AM+ta - H(O)MO) =0 OM+b H(0)|)\M+a> = 8a,b|)\M+a> a,b=1,..., K. (29)

Assuming that: allows the ‘Gauss’ decomposition @ Va9, w a0~ in positive, negative
and grade-zero elements we get for the tau-function vectors from (28) an alternative
expression:

7o) = OB ro)  |tmia) = OB Ana)
O = (pvao a0t Bl = (weopgtaot) (30)
fora=1,...,K. As before, we make a splitting—* = B, *B;* in (30) and notice that

B{HAMH) = |Ayaa) for By being an exponential ofl (M) generators. Inserting, from
(22) we find
|70) = © Hr0)e"” [Ts4a) = O B Aprpa)€ PPN, (31)

Denote

) =eXp—p)  Tih, = OXN—p — Prria)- (32)

Accordingly, expanding® !, as below equation (17), we find
|tM+a>

©0)
v +a

=1=0"Y = )hprra) (33)
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and similarly for|zo)/z.>. We find by comparing with relation (21) that

0 0
rp=€(@pyq1, =0 — -+ - — Opy41) ()"M+l|E(i,—)&—~--+aM+1|TM+1>/T1$/[zrl (34)
g =€(—apq1— - —opyyg, 0+ -+ OtM+K)<)»0|E(,l()a,+..‘+aM+K)|To>/Téo) (35)
Unta = =8N’ /T ) v =—-3,Inz"). (36)

The multisoliton tau-functions are defined in terms of the constant group elerents
which are the product of exponentials of eigenvectors of the Heisenberg subalgebra elements

h = el e by, Fi] = 0P Fy k=12 ...,n. (37)

As seen from equation (37) for such group elements the dependence of the tau-vectors upon
the timesty can be made quite explicit

70} = [ [ expe=v v ™ F|ig). (38)
k=1

The multisoliton solutions are conveniently obtained in terms of representations of the
‘vertex operator’ type where the corresponding eigenvectors are nilpotent.

4. The sl(3) example: solitons of the Yaijma—Oikawa hierarchy

We apply the above method to the particular casesi¢8) with M = K = 1. From
equation (9) the surviving elements of the Heisenberg subalgebra are in this case:

b = by_gyy1am1 = Ayg o = EL + ECHY (39)
¢ d
——=0n,0
2V3 "

and they satisfy the usual Heisenberg subalgetifa p*’] = k8.« for both even and odd
k.

b(2n) = bN:Zn,O = «/5)\,1 . H(n) — (40)

The structure of eigenvectors of Heisenberg subalgebra facilitates construction of
multisoliton solutions according to (37) and (38). In the current example we find that
the eigenvectors and their corresponding eigenvalues (in the notation of (37)) are

E; = x/EZ[z*Z”EéZ) - zfz”*lE(f,’I)Jraz]

nez
o@D = g2 0@ = /3 (41)
¢
Es, = Z [zz”l(Eé’;) —E%y 4 <a2 -H®™ — §3n,0)}
nez
@n+1) 2n+1 @) _

wg, =22 wg, =0 (42)
Eavra, = V2) [T ED + 272 Eg )]

nez

R . 7 0@ = /32, (43)

a1+ao a1+az
We now realize the above eigenvectors by the nilpotent vertex operators. The construction
involves the Fubini-Veneziano operators defined in terms of the Heisenberg elements as in
equations (13), (14):

b(2n+1)z—2n—1 b(2n)Z—2n

Ql(Z)EiZ— Q2(z)=q—iplnz+i >

(44)
nez 2n + 1

n#0
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where the zero-mode momentym= »© = /3, - H® —¢/2./3 satisfies§, p] = i. The
step operators from (41), (43) are then realized, from the algebra point of view, as vertex
operators via:

Es, < By s5(2) = V22¥%  expli01(2) +v/302(2) (45)
Es, < E(20(2) = =3 | xp(—2i01(2)) : €7 (46)
Eaya, < B4 y5(@) = V22¥% 1 exp(—i01(2) +1v/302(2) (47)

and similarly for the negative root step operators, with a change of sigima#xponentials.
Care has to be exercised in applying this correspondence within the setting of the Fock
space where the vacuum vector|ig), since(ig|Es,|ro) = —% while (A2|Ez,|12) = % as
seen from expression (42) Similar consideration applies for the produdts, sf vertex
operators such a8 _; _ 3 E_; s, Which produceE ;).

Introduce the notation:

Ve, (2) = 2472 explic 01(2) + d; Q2(2)). (48)
It is not difficult to establish the following correlation function:

(oW YOV, 4, (20) - Ve, )WY ) = Sy g g€ @)

G4 4 C o\ Gicil?
XH [1 (u) [ = 2@ +2)) 72 (49)

(- 1)(6+2)/2 J + J
I<i<j<n zi+ Zj
forc =0,2 and with
o o0
Feoa (@) = Y citonaz ™ + Y diton2?". (50)
n=0 n=1
When substitutingV, 4, (z;) by E., 4,(z;) one encounters extra phases originating from the
Klein factor in equation (46) and from the character of thg) vacuum as discussed in
equation (47). The latter gives rise to the factor @kp/2) Z;’zl c;) for the A, correlation
function as verified on several examples.
Recall that for the problem in hand the Lax matrix operator from (1) witfrom (5)
and E from (4) specifies to

0 ¢ 0
L:D—(r u, 1 )—vé (51)
0O 1» U,

where\ is the usual loop parameter. In terms of the tau-vectors we have from (34)—(36)
the following n-soliton representation of the components of the Lax operator

1 1 L -1

= —5 P2l By, |72) = o <A2|E;?La2\v<va°> [Ta+Eqq@nwt |)»2> (52)
j=1

1 1 - -1
1= 5 —5 (Ml EC,q,1T0) = o <A0|E‘_1;1 VO [+ Eq (2w |)»o> (53)

To j=1
Uy = =3, In(z{® /13?) v =—3,In?) (54)
where

n
0 = <x(,|\y<va°> [Ja+E.q (z,»))w<va°>1|x(,> 0=02 (55)

j=1
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Using association between the step operators (41)—(43) and the vertex operators (45)—(47)
we can rewrite the step operators appearing in (52) and (53) as

1 1
0 1
EQ,,, = T / 820V, s3(z0) ES . = o / 820V, _ 3(20). (56)

We now calculate the zero-curvature equations (23)-{ E — A9, — A,] = O for
the first two non-trivial cases of = 2,3. We expandA, = Y ! _,A,() where the
index i in the parenthesis equals grading with respecto= 1, - H° + 2d. We choose
Az(3) = E§§)+E(,2;2 andA»(2) = +/3x1-H® in order to ensure truncation of the expansion.
This method yields for the first non-trivial case £ 2) the evolution equations

0=0r+ afr +ro, Uy — qr® — Uzr 0=0,Uy+ 0,(rq) (57)
0= g —87q +qd: Uz +rq* + Ulg (58)

where we defined for simplicity = +/3,. The evolution equations fag are

0=d,Up — 233U, + 20, U3 + 30,(rd.q — qd,r) (59)
0= d,r — 33 — 20,79, U> — 3rd2Us + 3rU,0,Uz + 2UZ0,r

+gqr2U2 + %rqaxr - %rzaxq (60)
0=08,9 — 93¢ + 30:99: Uz + 392U + 3qU20,Uz + 3U30:q

—ngrUz + %rqaxq — ngaxr. (61)

These equations follow also from the conventional Sato equatipds = [(£)!/?, £]
applied to the scalar cKP Lax operat6r= (8 — U,)(d + U, — gd~r). We note here
that the simple reduction of the matrix Lax operator from (51) yields the scalar spectral
problem L1y = Ax with the scalar Lax operatof; = (3 + U,)(d — U, — rd—1q). Both
scalar Lax operators are related by a conjugation and the DarbéakiBid transformation:
L1=0+U)L*@+ Uyt

We now present few examples of the soliton solutions (52)—(55) satisfying the above
evolution equations.

(1) Soliton solution fon = 1. With 2 = (1+ E_50(z1)) we recover the standard m-KdV
one-soliton configuration with = ¢ = 0 and

t(50) —1— %e(—szl—Ztgz:f) 72(0) =1+ %e(—2x11—2t3ch). (62)

(2) Soliton solutions fom = 2. For h = (1+ E_po(z0))(1 + E; s35(z2)) we find z5”

andz,” as in (62) but now with; # 0 and equal to

1 +
q= _ﬁzze(t3223+tzg+.YZ2) <1_|_ ée(—szthgz?) (ii — ii)) _L_éo) (63)

while r = 0. Similarly, forh = (1 + E_20(z1))(1+ E; _ 5(z2)) we findr # 0 butg = 0.
Forh = (1+ E; 5(z1)(1+ E; _ s3(z2)) we find that bothy # 0 andr # 0:

1 0/2 2 0/2 (x21+tz2+t313+xzz7tz2+t3z3)
Z Z e 1 1 2 2
'C(O) [ :l + (_ )(0/2)2 1 2

=02 64
(z1 — z2)(z1 + 22)? 7 ' 64)

ﬁZZe(ftz§+xzz+t3zg) ﬁzle(tz§+le+t3zi)
r = q =
)
T2

(65)
0
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(3) Soliton solutions forn = 3. As an example we take hefe= (1+ E_50(z1))(1 +
Ey 5(z2)(1+ E; _ s5(z3)). We find

2—0/2 1+0/2
P + (_1)(0/2)le(72x1172t3zf) + (_1)(0/2)2 <3 22 e(tsz§+tz§+x12+taz§ftz§+x13>
7 2 (z2 — 23)(z2 + 23)?
2-0/2, 1+o/2
23 (z1 +2z2)(21 + 23) @~ 2xa1—2rsz} 125 tazatazg—125+xza+azd)
(z2 — Z3)(Z2 + 23)%(z1 — 22) (21 — 23)
(66)
(—2x71—21323)
r = /2256 1 txzatnd) (1 4 = lelm 799 (70 + z3) /12(0) 67)
2 71— 23
(—2xz1—21373)
g = V2t (1€ T @ D)) [0 (68)
2 71— 22

In the above example&, and v can be obtained from (54). We note that we only
kept the explicit time dependence on timgswvith n < 3, which was enough to verify the
evolution equations (57)—(61).

The characteristic feature of the above soliton solutions is that they mix exponentials
expd 1,z}) Which represent a typical time dependence for the KP solutions with pure

KdV-like time dependence of the type &30,-, tg,,+1zf”“) involving only odd times.

The exception is provided by the pure KP type of solution in equations (64), (65), which
can also be obtained as a Wronskian arising from the DarbaaskiBnd transformations.

Our soliton solutions in equations (66)—(68) do not coincide with typical Wronskian
soliton expressions valid for the constrained KP hierarchy. The relevant procedures to
obtain such soliton solutions for these class of models are derived in [3, 4] using a systematic
approach of the Darboux-#8klund transformations. This approach obtains the soliton tau
function for cKP hierarchy characterized by parametérand M as a Wronskian:

W[fl 8K+lf1 8(K+1)N1f1 o 3K+1f a(KJrl)sz2
Furs 95y p OV

where all the functiong; with i =1, ..., M satisfy evolution equations:
afi/dt, = o f; n=123....

The solution of such equation is given by (up to some constafits} exp(z 1% zj)
Inserting these functions back into the Wronskian we clearly see that the Darbmklqu
solutions cannot have the same time dependence as the tau-function found in equation (66).

5. Conclusions

In this paper we have given soliton solutions for a cKP hierarchy. A special class of our
solutions has not, to the best of our knowledge, previously appeared in the literature. They
exhibit a non-trivial mixing of KP timesg,, with all indicesn’s and KdV-like timest,, 1
with only odd indices. From the point of view of intermediate gradation, such a mixture is
very natural. In fact, we are able to obtain pure KdV solutions, pure KP solutions (meaning
all times) and the arbitrary mixtures thereof, just by varying the constant group elements
of the dressing orbit.

As we have seen, these solutions do not fit into the conventional DarbéokiBd
method which involves the Wronskian representation. Recall, that such a Wronskian is
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given in terms of the eigenfunctiong satisfyingd, f; = 97 f; for all n. This type of time
dependence only fits a subclass of our soliton solutions, namely those which are of the
pure KP type (meaning that aj]'s with all n’s are present without the non-trivial mixture
with KdV times). Based on studying many examples of these solutions, we believe that the
Wronskian method is able to reproduce that particular sub-class of our solutions.

It may be interesting to study other methods to investigate whether they can be adapted
to accomodate the class of the soliton solutions presented above.
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